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Abstract: Let x : M'—N"" be an n-dimensional hypersurface immersed in an (n+1)-dimensional Riemannian manifold N"*'.

n . .
Let 6, (0<i<n) be the ith mean curvature and Qn = 3" (—=1)i*1C{ o] *0;, where C, is binomial coefficient. The second
r=0

author showed that functional Wn(x)=/,,0,dM is a conformal invariant and gave the Euler-Lagrange equation. W, is called
the nth Willmore functional of x. A hypersurface is called the nth order Willmore hypersurfaces if it is a solution of the
Euler-Lagrange equation. In this paper, we establish the ordinary differential equation of the nth order Willmore revolution
hypersurfaces and present standard examples of the nth order Willmore hypersurfaces.

Key words: Conformal invariants; nth order Willmore functional; nth order Willmore revolution hypersurface.

1. Introduction

Let x : M"—N"" be an n -dimensional hypersurface isometrically immersed in a Riemannian (n+1)-manifold N"*'. Let
g, be the Riemannian metric tensor of M" at x and h; be the second fundamental tensor of M" at x. The roots of the equation
det(h, - 2g;) =0, 2, A, are called the principal curvature of M" at x, and the rth mean curvature o, of M" at x is defined
dy

O'TZCLIL . Z )\11)\% 5 ?”:1,"' , T,
1< <t
where C, is the binomial coefficient. For convenience, we define o,=1. When n=2 and N is 3-dimensional Euclidean space
R’, the functional is reduced to W(M) = ],, o7 dM. The variational problem of the functional was studied by G. Thomsen and
W. Blaschke around 1923%. In 1965, T. J. Willmore restudied the functional, and proved that a closed pipe-like surface
which is generated by a circle revolving around a closed curve satisfies W (M) > 2z” and the equality holds if and only if M
is a standard torus. Then he proposed the famous Willmore Conjecture: the above inequality holds for all topological tori
"“I'and the equality holds if and only if the surface conformally equivalent to the standard torus. Recently, F. Margues
and A. Neves resolved this conjecture . There are two aspects of generalization for classical Willmore functional. One is

for general dimension and codimension of M. In 1973, B. Y. Chen proved that the functional.
W = [ (ot - owian, (LD
M

is a conformal invariant™. Z. Guo, H. Li and C. Wang gave the formulas of the first and the second variational of W
defined by (1.1). They also present some standard examples of the stable critical hypersurfaces of the functional.
Another aspect of the generalization is for the orders explanted in the following. Let M" be a hypersurface of N'*', for any

integer r, 2 <r <n. It was proved that the functional
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1.2
Qr dM, r < n,and r is odd, (12

//I |Qr r < mn,and r is even,
//QrdM r=n,
M

1 CFol

is a conformally invariant of M" in N**' | where Qr = Z (— Ok. As for r = 2 W, recovers the the Chen-

k=0
Willmore functional, we call W,(M) rth order Willmore functional®.
Define the kth Newston transformation 7|, of 4 = (h,)nxn by:
Tp=Sd = Sd +++ (=)' S A4 + (1) 4" k=01, n
Where S, = C'o, . The second author calculated the variation of functional W,(M), and got the Euler-Lagrange equation as

follows™ :

e r— r—1\— & r— n: r— 1.3
M@ @1 +oi N+ (CrE) ™ X (DO A T (@ o) (1.3)
+Q:%T (n%0? —n(n —1)oz + ne)(Qr_1 + 0’1"_1)

—noQF +Qrr (CTTHTL Y (“1)EFLCT TR CE TR (oo,
k=2
—(n — k)O'k_H + CkO'k_l) =0.

In particular, when r = n, we have:

(1.4)
A(Qn-1+0o7 1) + Z( DET 15 (07 7") 4 + (0?0 — n(n— 1) oy

+ne)(Qn1 + 0771 — no1Qn + Z (—D)**Ckot* (noyok
k=2
—(n — k:)a;H_l + ck‘ak_l) =0.

Where ¢ is the sectional curvature of N . Here we call a hypersurface satisfying (1.5) the nth order Willmore
hypersurface. When n = r = 3, the second author gave the standard examples of 3th order Willmore hypersurfaces.

The main purpose of this paper is to construct the nth order Willmore hypersurface for general dimension n > 3. We
organize the paper as follows: in Section 2 we establish the ordinary differential equation of nth order Willmore revolution

n+l

hypersurfae in R"" ( see Theorem 2.1 ); in Section 3 we consider the solution of the equation and get the standard examples

of nth order Willmore hypersurfaces (see Theorem 2.2).

n+l1

2. O. D. E of nth order Willmore revolution hypersurfae in R

2.1 Some lemmas

Let S be the unit sphere in n-dimensional Euclidean space R" , & = (¢1 ,+++, &,) be the position vector of a point of
S§""in R" and y = (a, B) : R' — R® be a smooth curve in R’ . We consider product immersion ¢ : R' x §"" — R"" | i. e. the
revolution hypersurface which is defined by

(. ) = (ag, p). 2.1.1)
We take local field of orthonormal tangent frames {é,, 2 < a < n} on 8", its field of dual frames {,} and make the
following convention on the range of indices:
2<a, b, ¢, <n 154, j, k-, <n

Then we can write the structure equations of S as follows:

A€ = aba, 2.1.2)
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AEa = Dby — Daé. (2.1.3)
b

Obviously, {%7 €9, ++ ,En} is alocal field of tangent frames on R'x $"'. From
d d , ,
_ = — =\

Px(Ea) = €a(9) = (€q, 0)

we see that if we take

1

1 .
e1 = (a6, 8), eq=(4;0), eny1=—(-F¢a) (2.1.4)
7| ol
then {e, ,--, e,} forms a local field of orthonormal tangent frames on R' x $"' , and e,., is a normal frame on hypersurface ¢ .
Let {w, ,**, w,} be the dual frame of {e¢, ,---, e,}, then the structure equations of ¢ can be written as:

d¢ = wier + Zwaea,
a

dey = Zwlaea + g hijwjenit,
a J

deq = wq1€1 + Z Wab€h + Z hajwieny1,

b J
d6n+1 = — Z hleL)jel — Z hajwjea.
J a,j
Where w,, h; are called the connection form and the second fundamental tensor of M" , which satisfy w,+w; =0 and &, =
h;;. Taking exterior derivative the above equations and contrasting with (2.1.2) and (2.1.3), we have
w = |[Y|dt, ws = ad,, (2.1.5)
o
Wia = 7 Way Wab = Wab,
aly|
1ol "l ’
of" —ad'p
hi1 = ——5——, hia =0, hap = ——0ab-
o aly|
For convenience , we denote
0[’5// _ O/IIB, ﬂ/ (216)
A p— / 3 3 p— 7 .
i aly'|
For a smooth function fon R' x §"' , we define the first, second covariant derivatives and Laplacian as follows:
df =) fuwi, figws =dfi + > fiwsi, AfF =" fiir
Then we have
Lemma 2.1 For a smooth function /(¢) defined on R' x §"" | we have
1 1 fl , alfl
fi=—=f fa=0, fu= 75 faa=—"m, fij =00 #j)
Y ’ RUNCdI aly|*’ ’
(2.1.7)
1 fl , alfl
Af =) +(n—1)——F5
Y 1] aly'|

On the following, we assume(x“)’ = ax“" for all a, from the above we have
Lemma 2.2 A revolution hypersurface in R*"' , defined by (2.1.1), is a nth order Willmore hypersurface if and only if ¢

satisfies the following equation:
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_ 2.1.8
Z( )k‘HC’k o k= 3(n—k—1)(n—k—2)d 01.3—1—2(71—k—l)o’la’p;C *18)

=1
+(n—k— )010'1’0164-0%0%4—((7@_1)% _ \I’Yl
n—

. el
1 an /
S ) = Bt 2 ((n — k= 1o + 0107 — L ail) + (= Do Ln0!]
V? &= ol
n—1
+ 3 (~DFoPECE notoy — (n — 1)020), — 010%41]
k=2

+n(n—1)%07" (02 — 09) =0,
where x,= k ) ) ) k ) ) .
Z (_Uz—lcﬁ—zak_i)\z—l, Yo = Z (—1)1_105_10']9_1'#1_1-
=1 i=1

Proof Since ¢ =0, from (1.4) we have

A(Qn-1+07 ")+ Z (—D)F T 15 (0775 45 + (0203 = n(n — 1)02)(Qu-1 + 077"

—no1Qn + z (-1 )k'HC'ﬁa{L F(noyor — (n — k)ogs1) = 0.
k=2

Noting
n—1 n
Qn—l = Z(_1>k+lck 10-? k= 1Uk7 Qn = Z( )k-l—lck T k Ok,
k=0 k=0

and using Lemma 2.1 we have

(2.1.9)
A@n-1+ 077" = A (~DFCE_ 107 loy)
k=1
1 n—1 a/ n—1
_ k+1k nkl n/ k+1k nkl /
= _’Y_Z Cy oy)'] +(n—1)w(2( 1)FCy o%)
k=1 k=1
= ( DFLCE_ 6" [(n — k= 1)(n — k — 2)02oy, +2(n — k — 1)oy0%0},
k:
+(n— k= Dorolop + ooy + (n— DL — LLy((n — k — ool oy + o¥a})].
From the definition of 7, ;) and Lemma 2.1 we have
(2.1.10)

T(kfl)ij(a?_k),ij
= (Chtop_y — OF20p_ohy; + CE 3oy _shZ + -+ (—D)FIREY (07 7Fy,,

(oY, of (7Y
=To7 7 +(n—1)yo—
) T Do e

1, (n—k)o 1ot o (n—k)oF1g!

o777 )+ (n—1)yo—
od od o [
—k—2 " |’Y |/ o /

= ,2(71 k)al [xo((n—kz—l) + o107 — )+(n— 1)y0—0101],

Y| 4 «

where x,= & ki - k e -

Z(_l)l_ Cn_zo-k—iAl_ y Yo = Z(_l)l_ Cn_’ak_i;ﬂ_ .
i=1 i=1

From (2.1.10) and (2.1.9) we have (2.1.8). This completes the proof of Lemma 2.2.
Lemma 2.3 A hypersurface ¢ defined by (2.1.1) is a nth order Willmore hypersurface if and only if ¢ satisfies the

following equation :
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ol 2.1.11
—nn|;,|2 3 (F)FICE O+ (= 1) e — k= 1) v o

+(n—k—-1)Bk(n—1)+ (n—k)(n—k—2)u3]\? +2[k(n(n —1)(n —k — 1)
+E-Dm+k—1))A2+Ek(E—1)(n—E)Nun —1)(n(n—1)(n—2) — k(k— 1)) 3N/
[k(k—1)(k—=2)A2 +k(k—1)2(n—1)(n—3) + (n— k))\2u

_l’_

+k(n—=1)((n—1)(n-2)(n—=3)+2n—-2)(n—k)+ (n—1)(n —k —1))\u?
+(n—1)3(k (n—k—1)+(n—2)( E)P? + [k(n — k+ )X + (k(n — 1)(n — k 4 3)
+(n —k)(n — A+ (n = 1)(2k(n = 1) + (n — k) (n — k& — 1)) ]\

[

_l’_

—1)
Ek(k —1))\3,u+k((n D(n+k—2)+ (n—k)Au%+ (n—1)(kn(n —1)
+ )

[

(n—k)(n+k—1)Aud +n(n—1)3uy”

(n =12 = B [(k(n — )X + (k(n = 1)(n — k+1) + (n — k)(n — k — 1)) \?
+(n—D(k(n—1)+n—k)(n—Ek—1)u)N + (k(k — D)Xu+k((n—1)(n+k —3)+
(n— BN + (n— 1)(k(n = 1)(n = 2) + (n = K)(n+ k = 1))\ + (n— 1)*(n — k)ut)]
+h((k = DZEAu+ (0 — k) E = EDE) A+ (n = D)V + (n = )i}

+amtn(n = D2+ (n = D) 2 {(n = 2)X2 +2(n — 1) (n — )N + (n = 1)%(n — 2)u
+(n = DA+ (= DX + (n = (A + (n = )"

!/

H((n = D% = EDIA+ (0= D)X + (0= D+ (0= D)} + F =0

_I_

1)
)

where

- L z (~1FFLCE_ (A (n — D)) =3h 33 4 (n — 2k — 1)A2p

—(2n =k =2)M% + (n = D))+ (n = Dp)?p? + 55 (n = 1P (A + (n = D))" (A — ).
Proof From the definition of o, we have:

or = (CR) "N O ZIMF ! + Ch_yih) = 2P (BA+ (n = B)p),

ko
o=~ 2Nt (k= DA+ (n = k)up),

of = EpFS2(k — DN g + (k= 1)(k — 2) A’
+(k = 1)(n — k) + N'p? + (k = DAy + (n — k)p?p"),

1
ot = F(AZ +2(n = DAp+ (n—1)%p?),
of = (A'2 +2(n = DN + (n = 1)%u).

To = Z (_Dz—lck—zo.k_i)\z 1 _ Z( )z 1[05:1—1)\“/6—1—1 + Cﬁ:hﬁ—z}\z—l]

i=1
_Ck 1 k 1 _ kkcﬁ ’uk—l‘

Similarly, we have

k
_ CNi—lok—i il vk k(k—1) k k—2
yo_l_zl( 1) C’rL Ok—ilh _C 1[( )(n—k‘))\—i_n—lu]'u .
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By taking these into (2.1.8) we get (2.1.11). This completes the proof of Lemma 2.3.

2.2 ODE of the nth order Willmore revolution hypersurfaces

In the following we will simplify the equation (2.1.11). The key technic to simplify equation (2.1.11) is to choose a
suitable parameter of curve y. We need following Lemma:

Lemma 2.4"  For a smooth curve y = (a, ) : I — R’, where @, f are smooth function on interval 7, and a # 0, we
can choose a parameter ¢ of y, such that |y’ = a2 .

n+l

In the following, we assume a > 0, so y and the rotational axis x" have no intersection point. Thus we have |y'| = a,

which implies (%)2 + (L(t)))2 — 1. So we can assume

a(t a(t

/ ’
o (t 1 t
( ) — 7 ﬂ( ) — tanhy(t), (2.2.1)
a(t)  coshy(t) «ft)
where y is a function on R' . We see that y(¢) is determined by function y(f). We will derive the equation with respect to y
from (2.1.11). From (2.1.6) and (2.2.1) we have

)= y = sinh y (2.2.2)
acoshy’ acoshy
Furthermore, we have
v Y coshy — y? sinhy — 3/ = y — sinhy (2.2.3)
acosh?y ’ acosh?y
(2.2.4)

2= " cosh? y — 3y'y" sinhy coshy — 3/3(1 — sinh?) — 2y coshy + 3y/2sinhy + 3/

9

acosh®y

s y'coshy — 2y sinhy — y/(2 — sinh?y) + sinh y
= acosh®y '
By a director but long computation we get the following theorem.
Theorem 2.1 A hypersurface ¢ defined by (2.1.1) is a nth order Willmore hypersurface if and only if y(t) satisfies
the following ODE:

n—1

kZ: (=D)FH1CE_ nk(y + (n — 1) sinh )" #=3sinh* =3 y{k(n — k + 1) sinh? y cosh? yy'?y"”"
=2

+(k(n —1)(n—k+3)+ (n—k)(n—k — 1)) sinh®y cosh? yy'y/”" + (n — 1)(2k(n — 1)

+(n —k)(n — k — 1)) sinh*y cosh? yy"” 4 k(n — k — 1)(n — k + 1) sinh? y cosh? yy/5/"2

+(n —k—1)(3k(n — 1)+ (n — k)(n — k — 2)) sinh® y cosh? yy'?

+2k(k — 1)(n — k + 1) sinhy coshy — k(n — k + 1)(2n — 2k + 1) sinh® y cosh y]y'3y"
+[(2k(k — 1)(n + 2k — 2) + 2k(n — 1)2 + 2kn(n — 1)(n — k — 1) — 2k(n — k + 1)(n — k)
+k(n—k—1))sinh®ycoshy — (3k(n —1)(Bn -3k + 1)+ (n —k)(n —k — 1)

(2n — 2k — 1)) sinh? y coshy]y?y” + [(2n(n — 1)%(n — 2) + k(n — 1)>(n + k — 1)
+(n=1D)n—k)n+k—1)+k(n—1)n—-2)(n—k+1)—(n—k)(n—2k)(n—k—1)
—8k(n —1) — 2k(k —1)(2n + k — 2) — 2k(n — 1)(n + 3)(n — k — 1)) sinh®y cosh y
—3(n—1)(2k(n — 1) + (n — k)(n — k — 1)) sinh® y cosh y]y'y/"

+E(n—1)22n—k -7+ (n—1)n—-4)n—-k)(n—k—1) —n(n—1)%(n —3)

+2k(n — 1)(k — 1)] sinh* y cosh yy”

+k[(n — k)(n —k+1)sinh?y — ((k — 1)(2n — 2k + 3) + (n — k))sinh? y + (k — 1) (k — 2)]y/®
+{(n —k)(4k(n — 1)+ (n — k — 1)?)sinh® y + (=kn(n — k) + k(n — k + 1)(2n — 2k + 1)
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—2kn(n—1)(n—k—1) —k(k—1)(n+4k —2) —k(n — 1)Bn+k — 1) + k(n + 2k — 2)
+(n—2k—1)—(n—k)(n—k—1))sinh®y + k(k — 1)(2(n — 1)(n — 3)

+(n — k —2))sinhyly™ + [(n — 1)(2k(n — 1) + (n — k)(n — k — 1)) sinhS g

+(k(n—1)(8n — 6k +3) — 2(k — 1)(n —k)(n—k—1)+2k(k—1)2n+k — 2)
—k(n—1)22n + k) +2kn(n — 1)(n — k — 1) = 2n(n — 1)%(n — 2) + k(n — k)
—2n—1)(n—k)(n+k—-1)—k(n—1(n—-2)n—k+1)+2(n—1)(n—2k—1)
—(2n—k—2)sinh?y + (k(n—k—1)2n -k —2) —k(n*-1)(n—k—1)
—2k(k—1)(n—1)(n—4) —k(k—1)(4n+k —4) + k(n — 1)(n — 2)(3n — k — 3)

+k(n —1)%(n —2)(n — 3) — 2k(n — 1)(n + k — 2)) sinh? y]y’3

+H[(=k(n - 12 (n—k—-9)—2nn—12-2k(n—1)(k—1)+(n—1D(n—-k)(n+k—1)
—(n—=1Dn-=5n—-kn—-k—1)+(n-1)%*n-2k—-1) - (n—1)(4n — 2k — 5))sinh®y
+(n—k)(n—k—124+k(n—1)(4n—2k—1)+2k(n—1)*(n —k — 1) + 2k?(k — 1)
—2n(n —1)2(n—2) +k(n—1)%*(n—2)(n+k—3) + (n—1)(n —2)(n — k)(n — k — 2)
+k(n—13n—k—1)+(n—1)3n—-2)(n—k) —2k?n(n — 1) + k*(n — k)

—2k%(n —1)(n — 2) — 2(n — 1)(n — k)(n + k — 1)) sinh? ]y’

+[(E(n —1)? + (n — 1)2(n® — 3n + 4)) sinh® y + (=2n(n — 1) + k(n — 1)%(k + 3)

(2.2.5)

(4
)

—2n—=12%n—-2)(n—k)+k(n—1)2(n—-2)(n—k—3) —k(n—1)32n—k - 3)
+2(n—1)2(n—k) — (n —1)3(n —2)(n — k) + 2k(n — 1)(n — 2)(n — k)
—2k(k — 1)(n — 1)) sinh* y]y’ +n(n — 1)3sinh®y + (n — 1)3sinh” y}

+(n —1)%(y' + (n — 1) sinhy)"3{n(n — 1) cosh? yy'y" + n(n — 1)? sinh y cosh? yy"”’
—n(5n — 7) sinhy coshyy?y” + [n(2n? — 8n + 7) coshy — 3n(n — 1)? sinh? y cosh y]y'y”
—n(n —1)(2n — 3)sinhy coshyy” + (—nsinh?y + (n? —n + 1))y

+[=n(n —1)?sinh® y + ((n — 2)(n +2) — n(n — 1)(n — 4) sinh )]y

+((n —1)2(2n +1) —4(n — 1) + 1) sinh®y + n(n — 1)%(n — 3)]y"?

+(n —1)[(n® = 3n 4+ 4)sinh®y — n?(n — 2)]y’ + (n — 1)?(sinh* y + nsinh?y)} = 0.

3. A classes of nth order Willmore hypersurfae in R™’

3.1 A classes of special solution of the equation

In this section, we concentrate on considering the solution of equation (2.2.5). It is very difficult to get all the solutions.
Fortunately, we can get a classes of special solutions of this equation. In the fact, we can find the solutions of (2.2.5),
satisfying

y'=Asinhy+ B coshy, (3.1.1)

where 4 and B are some constants. For the purpose to determine constants 4 and B by using (2.2.5) and (3.1.1), we need

a long computation. From (3.1.1) we have
y" =2A4B sinh’ y + (4’ + B®) sinh y cosh y + 4B,
y'""=24(A" + 3B% ) sinh’ y + 2B(34” + B* ) sinh’ y cosh y +4(4”> + 5B ) sinh y + B(4”> + B*) cosh y

e

Taking y’, y" and y"" into (2.2.5) and taking a long computation we have the following equation.
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Lemma 3.1 [fyis a solution of equation (2.2.5) and (3.1.1) then we have

n—1 (3.12)
ST (=1)FHCF k(A4 n — 1) sinhy + Bcoshy]" *3 sinh*+3 y(Py; sinhy + Py, coshy)
k=2

+(n —1)?[(A+n —1)sinhy 4+ Bcoshy]" '[(A — 1)? + B?]sinh?y
—n(n —1)2P,[(A +n — 1)sinhy + B coshy]» *sinh® y

+2(n — 1)%[(A +n —1)sinhy + Bcoshy]" (A — 1)Bsinhy coshy
—n(n —1)?[(A +n — 1) sinhy + B coshy]" % Py, sinh? y cosh y

n—1
+ S (~1)FCE_ nF[(A+n — 1) sinhy + B coshy]**=3 sinh* ! y(Ps; sinhy + Py, coshy)
k=2

+(n —1)?[(A+n — 1)sinhy + Bcoshy]" 1 B? + n(n — 1)[(A +n — 1) sinhy

+B coshy]"~4[(n — 1) P, sinh® y + Py, sinh? yy cosh /]

+ :Z_::(—l)kHC,’flnk[(A +n — 1) sinhy 4 B coshy]" %3 sinh*~! y( Py sinhyy + Pgj, coshy)
+n(n — 1)[(A+n — 1)sinhy + B coshy]"*(Ps, sinhy + P, coshy)

+ :i:(—l)k+1Cﬁ_1nk[(A +n — 1)sinhy 4+ B coshy]"#=3 sinh* 3y

k(k —1D){[(2n + 3k — 8)A +2n% — Tn + 4 — k] B*sinhy + (k — 2) B coshy} = 0.

Where P,,, P,,, Ps, Py Ps, Pay P Pa Ps, Py, Ps,and Py, are defined as follows:

Po,=-(A-DA+n=1V GA+n-D[n-DA+1]+{A+n-17CkA+n-2k-1)+A -1 (kA +n-1)+2(4 -
DA +n-DkBA-1)+2(n-1)]

~(n—k-DkAUA - D) A+n-1)+A+n—-1)A+n-2)kA + n-k)

+UAU-DA+n-1D)+n-1)kA+n-1)+kA+n—-k)] - k[A(4 = 1)(kA + n—k)+(4 + n - 1)’ (3k = 2)4 + n - 2k)
F2A+n-1)(GBk-DA+2n =204 —n+ k) HA+n-1YA+n-2)+A4A-DA+n-1)+A+n-1)44 - 1)
tn-1)2n-DB+ 3kA+(n -2k - 1) = 2k(k - 2)(A + n = 1) = k(n = k)(4 + n - 2) =k((3k — 2)A + (n - 2k))} B*,

P,=AA-1DA+n-1 +U+n-DAA-D+UA+n-1D)A+n-2)+4A-1D)A+n-1)+2n- DB+ +
n-2)B*,

P, =[2AA-DA+n -1 +2A-DA+n-1Y+n-DA+n-1)Y1B+2Ad +n-1)Ad+n-2)+2d-1)4 +n
-+ (n-1)]B,

Py={-(n-k-DAUA-DA+n-1D)k(A+n-1)+kd+n-k)

A +n-1DkA +n-k)QRUA-1DUA+n-1)+xn-1))]

—k[24(A -1V A+n-1)kAd +n-k)+U@+n -1 (k= DA+2(n - 2k)4 - (n = k)) +24A - DA +n - 1)+ (4 +
n-1Q2A-1DUA+n-1)+xn-1))]

RA-1VA+n-DEA+n-D+U@-DA+n-1) kB4 -1)+2m-1))}B

Hen-k-D[A+n-2)k(A+n-1)+kd +n-k)+kQUA-1)A+n-1)+n-1))]

—k(2(4 + n - 1)(Bk = 2)4 + n - 2k)

Hh=-1DA+n-1V+Ck-DA+2m-200A-(n -k +2Ad+n-1DA+n-2)+2A-DA+n-1)+®n-1)+
24 +n-1)BKA +n-2k-1)+k(4d+n-1Y+A4-1)kBA-1)+2(n - 1)}B* - k(k - 2)B°,

Pp,=A-DA+n-1Y(n-DA-D+U+n-D[n-2)A+n-2)BA+n-2)+(n-2)A-1)-(A+n-1)4+
n-2)-2n-1)=(A-1DQRA4+2n+T7)B*+[(n -2)(A - 1) A +n—-1)+2(4 +n-2)]B",

P,=(A+n-1Y[(n=2)n-3)A-1Y+2(n-2y (A -1)(4+n-2)

2N -2)A-1D)Q2A+n-3)+2n-D)A-1Y+n-1)n-2)34+n-4)-(n-1)]B

tn-D[n-2)A+n-1DA+n-2)+2(n-1)4+n-1)

—A-DA+n-D+UA@+n-2)-0-1)]B,

Py =n(A-1)A+n-1(kA+n-1)((n-1)4-1)
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H-k=Dn-k=2A+n-2)((A+n-2)kd +n-k)

+2k(A = 1)(A +n = 1)+ 2k(n — k= D)(k-1)(4 - )4 + n - 1)

FA+n-1D)24+n-3)QRk-1DA+n-k)+A-1)(A4+n-2)kA +n-k))

tn—k-1)(kAA-DA+n-1)-(k(A+n-1D)+kAd+n-k)RUA-DA+n-1)+n-1)+kA -1} A +n-1)-(4
+n-1)A+n-2)kA +n-k)

HA-DA+n-D=UA+n=-2)k(d+n-1)+kAd+n -k)) = k[A - 1)(kAd + n - k) +2(4 + n - 1)(Bk - DA* +
2n =2K)A - (n = k) + (A + n - 1> (3k> = 9k + 5)4 +k(n — 3k) = 2n = 5k)) + k(4 = 1’ (kA + n = k) + 2(4 + n - 1)(BK -
3k+ DA’

+2k = 1)(n - 3k)A = k(2n = 3k)]+ (n = 2)(n -k = 1)(k(4 - DA + n - 1)

A +n=-2k(A+n-1)+kd +n-k)+k(n-2)(k-1)A+n-1)

+HA - 1)kA+n-k)+2(A4 +n-1)((2k - DA + n - 2k))

th((n-k-1DA+n-1D)A+n-2)BA+n-4)-AA-1)A4+n-1)

2@+ n-DRA-DA+n-D+n-1)-@A+n-1VUA+n-2)+U-1VUA+n-1)+2(4 +n - 1)(4 - 1)+
n=1)-A+n-2)+k-DA-1D)A+n-1)

FA+n-1D)24+n-3)(k-1DA+n-1)+(k-1DA4+ @ -k)

FA+n-DA+n=-2)(k-DA+n-k)+@A-1Y (kA +n-1)

2A-DA+n-1D)kBA-1)+2n-1)+@A +n-1)Y BkA +n-2k-1)B

+{2k(k = 2)(n — k = 1) (A + n = 2) + k(3k = 2)4 + k(n = 2k) = 2k(k = 1)(4 + n — 1) +k((3K* = 9%k + 5)A + k(n - 3k) — (2n
—5k)) + 2k(k = 1)(k =3)A +n— 1)+ k(k = 1)(n =2) =2k(A +n=2)+k(k = 1)(A +n—-1)(A4 +n-2)+kBkA+n -2k -1)
+2k(A +n-1)+QBkA +n -2k -1)}B*,

Pu={n-k-Dn-k-2)A-1DA+n-Dk(A-1D)A+n-1)+2(4 +n=2)kA + n - k)] +2k(n — k = 1)(4 - 1)(4
tn-D)(A+n-1)Qk-DA+n-2k)+QA+n-3)kAd+n-k)+(n—k-1)A4 +n-1)((4 -1 k(4 +n-1)+kA4d+
n-k)+(-1)

—A+n=-2(kA+n-k)+k(A+n-1)Q2kA-1" kA +n-k)+ (A +n-1D)GK -3k+ 1)4 +2k - 1)(n - 3k)4 -
k@2n - 3k)+(n -2)n—k-1)A+n-1)((A4-1)k(4d+n-1)

kA +n—k)y+ (A +n-2)kAd +n-k)+k(n-2)A4+n-1)2A4 - 1)(kA + n - k)

FA+n-D(QRk-DA+n-20)+k(Ad+n-1Y((n-k-=1DA-1V+2A-1D)A+n-2)+2A -1+l -1)4 +n
D@ -D+U-D)k-DA+n-D+(k-DA+n-k)+QA +n=3)(k-DA+n-k)}B+{(n-k-1n-k-2)
A+n-2)

2k —k-=D[k-1D)A+n-1)Q2A4+n-3)+A+n-2)2k-1)A4 + n-2k)]

- -k-DkQUA-1)YA+n-D+n-1D+UA+n-2)k(A+n-1)+kd+n-k)

(A + 1 = 2)]+ k(—=((Bk = NA* +2(n = 2k)A — (n - k)) + 2(4 + n = 1)((3K* = 9k + 5)A +k(n - 3k) — (2n - 5k)) + (k - 1)
(k=3)A+n -1+ @K =3k+ 1)4>+ 2k = 1)(n - 3k)4 k(2n = 3K)) + k(n = 2)[(n =k = 1) (A + n=2) +2(k = 1)(4 + n -
D+QRk-DA+n-2k] +k[(n -k-1D)A+n-2-2d-1DA+n-1)-m-1)-2d+n-1)A+n-2)+Ad +n-1y
A-DA+n-1)-A@A+n-2)+(k-1)Ad+n-17 Q24 +n-3)

HA+n-2)((k-DA+n-1)+(k-1DA+n-k)]+A-1)kBA-1)+2n-2)+2A +n - 1)3kA +n -2k - 1)}B’
+k[(k - D)(k-4)+118°,

Po,=(A+n-1DQRn-2UA-DA+n-D+n-Dn-2)A+n-2Y 20 -2)A-1D)A+n-2)+n- 14 -1y
F2n-1DA-1DA+n-1)

T -Dm=-2)A-D+2n-Dm-3)A+n-2)B -1 -1)4+n-2)B*,

Po,=(n-D[n-2)A+n-1DA+n-2)+A-DA+n-1)-(A+n-2)]8,

Po=[(n-k-1D)n-k=-2)Qk(A-1DA+n-1)A+n-2)+(+n-2) kA +n-k)+2k(n -k - 1)((k-1)(4 - 1)(4
-1 +U@+n-DRA+n-3)QRk-DA+n-k)+A-DA+n-2)kAd+n-k)+n-k-DkA-1’UA+n-1)
+(A-DA+n-1)

—A+n=-2)k(A+n-1)+kA + n—k)+2k(A + n - 1)((3k* = 3k + 1)4> +(2k — 1)(n — 3k) — k(2n - 3k)) + k(k — 1)(4
+n -1 Gk =14+ n -3k

tn-2)Yn-k-1Dk(A-1D)A+n-1)+UA+n=-2)k(4 +n-1)+kAd +n-k)) +k(n - 2)(4 - 1) (kA + n - k) +2(4
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+n-1)(Qk-DA+n-2k)+(k-1)A4+n-1))
Hh(A+n-DRn-k-DA-DA+n-2)+m-k-1D)A+n-2)+U4-1)
2A-1D)A+n-1)-2Ad+n-2)+k-1)A-1)A+n-1)
A+ n=-3)k-DA+n-1D)+E&-DA+n-k)+UA+n-2)((k- 14+ n-k)|B’
Hak(k-1)n-k-1)A+n-2)-k(n-k-1)(A4+n-2)
+h(k(4 = 1)2 (kA + n - k) + (3K* = 9k + 5)4 + k(n - 3k) - (2n - 5k))
+2k(k - )(k-3)(A +n—-1)+k(k-1)3(k-1)4 +n-3k)
H2k(k - 1) (k-2) (A +n-1)+2k(k-1)n-2) k(4 + n-2)
(k- 1) A+n-2)+k(k-=1)A+n-1)A4+n-2)+3kA+n-2k-1]B*,
Po=Tk(n—k-=1)((n-k=2)A+n -2y +2k(k- 1) A +n-1)24 +n-3)+2k(4 +n-2)((Qk - DA +n-2k)+ (4 -1)
A+n-1)=(+n-2)+k((3K - 3k + NA* + 2k = 1)(n - 3k)4 - k(2n - 3k))
Rhk-DA+n-DGBk-DA+n-3k)+Gk-1Dk-2)A+n-1)
+h(n -2)(n-k-1)(A+n-2)+2k(k-1)(n-2)A4+n-1)+k(n-2)((2k - 1)A+n - 2k)
th(n—k-1)A+n-2)+k(A-1)A4d+n-1)-k(4d+n-2)
Hhtk-1DA+n-1)QRA+n-3)+k(Ad+n-2)((k- DA +n-1+(k-1DA+n-k))B +k(k - 1)(2k - 5)B°.
For the purpose to get the special solution of equation (3.1.2), firstly, we take B = 0. In this case, we have
Po=—(A-1)A+n-1Y(kA+n-1D[(n-DA4+1],
P,=AA-1DA+n+1), P,,=0, P,=0,
Py,=(A-1)A+n-1) [n-14-1], P, =0,
Py=nd-DA+n-1Y(kn+n-1)[n-14-1],
P, =P, =P, =Py =Py=0.
By putting these into (3.1.2) we have

n—1 (3.1.3)
= (=DFICE nF(A+n— )" A= D)(RA+n = 1)[(n — 1)A+ 1]sinh" "y
k=2
+(n—1)*A+n—-1)""1A—-1)%sinh" "y — n(n — 1)?A(A - 1)(A+n —1)" Lsinh™ 1y
n—1
+> (=DFICE nfn(A - 1)(A+n-1)" P (kA +n—1)[(n - 1)A - 1]sinh™ 1y
k=2
+n(n—1)2%(A4+n—-1)""1(A-1)[(n—1)A—1]sinh" 1y = 0.
Since 1, sinh y are liner independent we have
n—1 (3.1.4)
> (—1)FICE nF(A+n— )" A - D) (kA +n - 1)[(n— 1)A+1]
k=2
+(n—12A+n-1)"1(A-1)[(n-1)A+1] =0,
and
n—1 (3.1.5)
S (=DFCE nf(A-1)(A+n - 1" kA4 - 1)[(n - 1)A - 1]
k=2

+(n—12A+n-1)"YA-D[(n-1)A-1]=0.
We see that (3.1.4) and (3.1.5) are the equations with respect to A. In the case of n = 3, we see that 4 # —n + 1 and we have
A=1, —% . In the following, we assume n > 3. It is evident that 4 = 1 is a solutions of equation (3.1.4) and (3.1.5). So we
only need to consider the solutions with 4 # 1. As 4 #0, 4 # —(n - 1), it is easy to see that A is a solution of equations (3.1.4)

and (3.1.5) if and only if it is the solution of following equation:

n—1
(3.1.6
SO (—IFHCE b (A - 1) (A 40— 1) :

k=2
+(n—1)2%(A+n-1)""1t=0.
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Setting x =n/(4 + n - 1), we can write equation (3.1.6) as follows:
n—1
> (-0FICE aF(kA+n—1) + (n—1)? =0,
k=2

i
L

n—1
3.1.7
(n—1) S (~D)MICE 2k + 40 S (—1)CE_ ket 4 (n—1)2 =0, O
k=2

2

=~
||

Noting that for any real number ¢ we have

n—1

Z(—l)k+lc7]§,1tk — _(1 _ t)nfl'
k=0
So we have
n—1
S (=DHHCE = -1 -t 1 (n - 1)t
k=2

As the derivatives of the functions on the both sides of above equation are equal, we have
n—1
S (-DFCE kT = (n-1)(1 -t —n+ L
k=2
For the same reason, we also have
n—1
S (=DFCE Bk - D) = —(n— 1)(n—2)(1 — )" 2.
k=2
Making use of these identities, we can write (3.1.8) as follows:
—n-Dx -1 -x)"+Ax[(1 -x)""=1]+n=0. (3.1.9)
Taking x = n/(4 + n - 1) back to (3.1.9), we get
A-1D"((n-1DA+1y=0. (3.1.10)
This shows A= 1, —ﬁ are the solutions.
On the following, we considered B # 0, For the implicity of the equation,we only consider n = 4. We first simplify
(2.1.11),and get the following equation :

A {[18N2 + 120 + 661 +9(A — )X +3(A — ")\ — ) (3.1.11)
+3(32 — TED)[(3X2 + 22 + 112X + (A2 + 222 + 25021
24 (O + i — (O + A+ 4p?)] (N + 3)}
O+ 34)% — 481(20% + A + 5p?) (A — p)?
from (2.2.2) and (3.1.1) we have
B acosh’y’ B acosh?y
2= (A—1)[(A—1) -9 sinhyly (3.1.13)
B acosh®y
(3.1.14)

» _ [=(y —sinhy)sinhy + (A —1)]y’ — (¥ — sinhy)

acosh®y

By taking (2.2.2), (3.1.1), (3.1.12) , (3.1.13) , (3.1.14) into (3.1.11) and simplify it we get
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[(3y® — 9y/?sinhy + 5y’ sinh? y + sinh® ) (y' — sinhy) — 12(A — 1)y?sinhy(y' — sinhy) (3.1.15)
+24(A — 1)%y"? + 12A(A — 1)(y — sinhy)y’ — 4(y’ — sinhy)?](y' — sinhy) =0
since B # 0 .50 = A sinh y + B cosh y # sinh , we get
(3y"3 — 99/ sinh yy + 5y sinh?y + sinh® y)(3/ — sinhy) — 12(A — 1)y? sinhy(y/ — sinhy) (3.1.16)
+24(A —1)%y"2 + 12A(A — 1)(y — sinhy)y’ — 4(y — sinhy)? =
then we take y' = A sinh y + B cosh y into (3.1.16),we can get
[3B* — 2(94% — 6A — 1)B%? — (A —1)%(3A + 1)?]sinh?y — 4(A — 1)(6A42 — 1) Bsinh® y coshy (3.1.17)
+[6B* +2(9A4% — 24A + 11) B2 4 4(A — 1)%(9A2% — 1)] sinh? y
+4(A —1)(12A42 — 15A — 2)Bsinhy coshy + 3B* + 4(942 — 154+ 5)B2 = 0

Since{sinh* y, sinh® y cosh y, sinh’ y, sinh y cosh y, 1} are linear independence in any interval, so equation(3.1.17) is

equivalent to:

(384~ 2(942 — 64— 1)B? — (A—1)2(3A+1)2 =0 (3.1.18)

(A-1)(642-1)B=0
3B* + (9A% —24A +11)B? +2(A - 1)2(942 - 1) =0
(A-1)(1242 - 154 -2)B =0

3B* +4(9A%2 — 154+ 5)B? =0
Solving the equations,we get the solution of (3.1.18):

7 (3.1.19)
A=1B= ﬂ:\/i
3

n+1

3.2 A classes of nth order Willmore hypersurfae in R

Since the equation is very difficult, we can not get all the slotions, In the above section, we get two solutions of equation
(3.1.2) satisfiys y' = 4 sinh y + B cosh y:

1 3.2.1
A=1,B=0A=——— B=0 @21
and when n = 4 we get

1 (3.2.2)

A=1,B=24/-

3

So, we have:

Theorem 3.1: Let "' be the unit sphere in n—dimensional Euclidean space R" , & = (1 ,--, &n) be the position vector

of a point of "' in R" .y =(a, f) : R' — R’ be a smooth curve in R”.
For the general nif the revolution hypersurface ¢(z, &) = (a&, f) is nth order Willmore hypersurface. then the equation of
y is:

(i) o+ (8- 00)2 =%

. n (n— n n—2k—1 2
(i) B= :I:(IO[ Z ( n— 2)(n )4)((712132)1)(%) n-t ()T -1

+”< ar In((2)77 +/(£)77 = D] + ax.

For n = 4 if the revolution hypersurface ¢(t, &) = (a&, f) is 4th order Willmore hypersurface.then the equation of y is:
(iii) a:F\/i (B —10)? =12
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—17. . —
Where [nT]ls take the integral of nTl .Cy,Co TV, T, Ay, 4, ,a,,c are constant.
Proof : For general n,from (3.1.1) and (3.2.1) we get:

Casel. A=1,B=0.y'=sinhy.
From (2.2.2), (2.2.3), we have: 1 = u = ¢, (constant), and ¢ is totally umbilical.
And from (2.2.1), (2.2.2) we have:

/
Y
—_

acoshy

1
a = ctanhy,c= —
C1

B = atanhy = ctanh?y

By integrating it, we have:

1
= —c + co(const
b coshy o )
We can write the equation of y as:
A+ B-c,)=¢ (3.2.3)
1 .
Case2. A=—"p—7,B=0.y'= —ﬁ sinh y .
Integrating sinh _¥__ — _ _1_ on both side, we have :
sinhy n—1
ot (Y g [ dy _ d _ a3
n—1 +ar = f sinhydt - f sinhy — f sinh  cosh 3 f tanh%coshQ%
o y coshy—1 coshy—1 _ 1 coshy—1
= Intanh § =1In —Lsinhy =In —L\/m =5In —Lcoshy+1
And:
2t
coshy—1 5, 2 14 e -1 1
—— = n—1 coshy = s = 7
coshy +1 1—¢2m—n71  tanh(-25 —a1)
So
__ sinhy _ , \/cosh?y—1
tanhy ~ coshy T + coshy
= — 20t _ = 1
= :I:\/l tanh®(25 — a1) i—t—cosh(m—al)
From the first equation of (2.2.1) we get:
/
o/ (t)
——= = tanh(—— —a
a(t) oy
By integrating it we get:
t
a(t) = ap cosh"fl(—1 —a1) = agcosh" 1 u
n [R—
From the second equation of (2.2.1) ,we have :
t
B'(t) = a(t) tanhy = +ag cosh”*2(m —ap)
By itegrating it we have:
[257]
2 n—=1D(n-3)--(n—2k+1) 14+ (=1

_ (n—2k—1) :
5(t)—:l:ao[; =2 (=1 (-2 cosh usmhu-I——2 u] + as

from B'(t) = a(t) tanhy = +aq cosh”_2(ﬁ — a1) we get :
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coshu = (—0)) 7, sinhu = +(cosh?u — 1)z = £((21

D)y —1)3,
u=+n(( )n1+ (&)1 —1).

So the equation of y can be written as :

n—1

2 —_— —_ e —_ L — _—
5=l 3 SISO () ()T 1

G (@)™ + /(8

(3.2.4)

)T —1)] 4 a2

Where u = % —a,, ["Tfll is take the integral of anl .ay,a,,a,,c,y,C, Iy, r are constants

Case 3. Forn =4,from (3.1.1) and (3.2.1) we get:

4 4
A=1,B= :I:\/;. y = sinhy + \/;coshy

By calculating the first equation of (2.2.3), we have ' = 0, and 1 = constant, write % From the first equation of (2.2.2)
we have:

sinhy + \/gcoshy 1

acoshy o

4
a =rtanhy £ \/;r

Furthermore, from the second equation of (2.2.1) and the first equation of (2.2.2) we have

So

g = ,tanhy o sinhy
coshy

cosh? y
By integrating it we get:

8 =-r

+ ro(const
coshy ol )

So the equation of y is:

(aF \/%7")2 + (8- r0)2 — 2 (3.2.5)

Let a(t)(fl s 52 PR fn) = (xl s Xp ottt 0[4:, =X ﬁ(t) =X -

5 = {(5] > 52 PR é)’l) € R” | Z(ttj = 1}5(1 5 ) S n) then ¢ = (a(t)§9 ﬁ(t)) = (xl s Xyttt an)'
Theorem 3.1°:  For general 7, The following hypersurfaces in R""' are nth order Willmore
hypersurface :

(i) S" = {(.%’1,.%’2, s ,$n+1) S RTL-H | Z.CL’ZQ + (xn—f—l — 60)2 = 62};

(ll) un = {(xth) et am’l’H'l) € Rn+1 |
(23] 2
R <’zn2’;z;’<% S G T )

+ D (L /) T4 (/S a2y

(iii) For n =14, T = {(1‘1,1‘2,1‘3,1‘4,1‘5 S R5 ’ ( Z

:
H
}_A
l\)\»—‘
=
Q
)
—

8

P §7“ + (w5 = 10)? =17}
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is 4th order Willmore hypersurface

Where [anl] is take the intgral, ¢, , ¢, 7y, ¥, a,, @, , a, , ¢, are constants. And any hypersurface which is conformal
equivalent to §", U" or T* is nth order Willmore or 4th Willmore.

Remark: (i) When n = 3, Theorem 3.1’is Theorem 3.1 in [8].

(i) when 7 is odd, S is an algebraic fanction of a; When 7 is even f is an transcendental fanction of o . This is a well
thing.

(iii) In this paper we only get a classes of special W, —-minimal hypersurfaces in Euclidean space, Wo can also concider

other W, —-minimal hypersurfaces in Euclidean space.
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